A method is proposed to generate femtosecond, ultra-low emittance (∼10 −8 m rad), electron beams in a laser-plasma accelerator using two lasers of different colors. A long-wavelength pump pulse, with large ponderomotive force and small peak electric field, excites a wake without fully ionizing a high-Z gas. A short-wavelength injection pulse, with small ponderomotive force and large peak electric field, co-propagating and delayed with respect to the pump laser, ionizes a fraction of the remaining bound electrons at a trapping wake phase, generating an electron beam that is accelerated in the wake.
In laser-driven plasma-based accelerators [1] , the accelerating and focusing fields (wakefields) are driven by the ponderomotive force of the laser pulse F −m e c 2 ∇a 2 /2, where a = eA/m e c 2 is the normalized amplitude of the laser vector potential, c is the speed of light, and e and m e are the electron charge and mass, respectively. For a resonant laser pulse with a ∼ 1, the accelerating field is on the order of E p (V/m) 96 n 0 (cm −3 ), with n 0 the plasma electron density, and E p can be several orders of magnitude greater than the fields in conventional accelerators. In addition, laser-plasma accelerators have the potential to produce extremely short electron beams with durations τ b < λ p /c, where λ p (µm) 3.3 × 10 10 / n 0 (cm −3 ) is the plasma wavelength. Highquality GeV electron beams were first demonstrated using an intense laser interacting in a cm-scale plasma, relying on self-injection for electron beam generation [2] . In the nonlinear laser-driven bubble regime, where the particles are self-trapped, simulations and experiments show that an electron beam with σ x ∼ 0.1 µm, σ px /(m e c) ∼ 1, and n ∼ 0.1 mm mrad can be achieved [3] , where σ x is the root-mean-square (rms) beam radius, σ px /(m e c) is the normalized rms transverse momentum, and the normalized transverse emittance can be estimated as n σ x σ px /(m e c). High-quality, laserplasma-accelerated electron beams could be good candidates to drive free-electron lasers, enabling a new generation of low-cost, compact light sources [4, 5] . Improved beam phase space characteristics, and, in particular, reduced transverse emittance, is highly desired for light sources and other applications.
In order to improve the quality and stability of laserplasma-accelerated electron beams, controlled injection methods are actively being pursued, including colliding pulse injection [6, 7] , plasma density transitions [8, 9] , and ionization injection [10] [11] [12] [13] [14] [15] . Ionization injection, compared to self-trapping, allows electron beam generation at lower plasma densities and, hence, higher beam energies can be achieved. In conventional ionization injection into laser-plasma accelerators [12] [13] [14] , a single laser pulse is used both for wake generation and high-Z gas ionization. Typically a 0 2, with w 0 ∼ 10 µm, is needed to excite a sufficiently large wake so that an electron ionized near the peak intensity of the laser pulse can be on a trapped orbit, where w 0 is the laser spot size and a 0 is the peak normalized amplitude of the laser vector potential [14] . For linear polarization,
2 ) with I 0 the peak laser intensity and λ the laser wavelength in vacuum. Using ionization injection the emittance grows with increasing ionization laser intensity n ∝ a 0 . Since a 0 2 is required for electron trapping [14] , reducing the injected beam emittance using single-pulse ionization injection is limited. One variant on ionization injection is to use a beam-driven plasma wake in the blow-out regime, followed by a laser pulse to trap electrons via ionization injection, and simulations of this method indicate that ultra-low emittance beams can be generated [16, 17] . Since field ionization by the beam-driver can be small, this reduces the intensity required (∼ PW/cm 2 ) for the ionizing laser.
In this Letter we propose an all-optical, two-pulse, two-color, laser-ionization injection method to generate low-emittance, high-quality electron beams in a laserplasma accelerator. This injection method relies on two co-propagating laser pulses in a high-Z gas: a pump pulse with a long laser wavelength for wakefield generation and a delayed injection pulse with a short laser wavelength for ionization injection. Since the peak field of the laser is E = (2πm e c 2 /e)a/λ, the long wavelength pump laser can drive a large wakefield (large a) with a small peak field such that some electrons remain atomically bound (typically inner-shell electrons). The delayed short wavelength injection laser can, conversely, have a large peak laser field to ionize electrons into trapped orbits with a small quiver momentum (small a to reduce the emittance of the trapped beam). This all-optical system generates ultra-low emittance beams, while offering the advantages of compactness, simplicity, and synchronization (if the two color lasers are derived from a single laser oscillator). This injection concept is illustrated in Fig. 1 . In this example, a long-wavelength (λ 0 = 5 µm) pump pulse with an amplitude a 0 = 1 propagates in a Kr gas, ionizes the Kr to Kr 8+ , and excites a large wake. The electric field of the pump pulse E 0 is sufficiently low, because of the long laser wavelength, so that it can not ionize the 9th electron of Kr (ionization potential 230 eV). A short-wavelength (λ 1 = 0.4 µm) injection pulse with an amplitude a 1 = 0.135 is co-propagating, delayed behind the pump laser, and ionizes the 9 th electron of Kr owing to the higher peak electric field E 1 > E 0 . The fraction of Kr 9+ produced is shown in Fig. 1 (b) (dashed red curve). The injection pulse can be delayed with respect to the pump laser such that it is located at a wake phase where the separatrix orbit has negative momentum, and electrons ionized at rest will be on trapped orbits. In order to achieve a small beam transverse emittance, it is desirable that the amplitude a 1 be as small as possible, while producing sufficient beam charge. As described below, two-dimensional (2D) particle-in-cell (PIC) simulations show, for an example using Kr gas, an injected electron beam with rms transverse emittance of ∼0.03 mm mrad is generated. This is an order of magnitude smaller than previously achieved in laser-plasma accelerators [3] .
The electron motion in the plasma wake can be described using a Hamiltonian approach [1] . The onedimensional (1D) Hamiltonian describing the electron orbits, behind the pump pulse, is
, where ψ = k p ξ is the wake phase with k p = 2π/λ p the plasma wavenumber, ξ = z − v p t is forward co-moving coordinate, u z = p z /m e c is the normalized longitudinal momentum of the electron, φ(ψ) = eΦ/mc 2 is the normalized wake potential, and β p = v p /c is the normalized wake phase velocity. In an underdense plasma (λ p λ 0 > λ 1 ), β p 1. The excited normalized wakefield is eE z /(m e k p c 2 ) = −k −1 p ∂φ/∂ξ. The quiver motion and wake excited from the injection pulse may be neglected since a 
−1/2 , φ(ψ min ) = φ min is the minimum wake potential amplitude, and H s = 1/γ p − φ min . A three-dimensional (3D) separatrix may be defined by trapped and focused orbits and has H s,3D = 1/γ p [6] . For an electron ionized in the wake by the injection pulse, the orbit is described by H(u z , ψ) = H i = 1 − φ(ψ i ) [14] , assuming that the electron is ionized at rest and a 1, where ψ i is the wake phase at ionization. The trapping condition for the ionized electron is H s − H i > 0, and the optimal injection phase occurs where H s − H i is maximum, as shown in Fig. 1(a) . For example, if we consider a λ 0 = 5 µm pump laser pulse, circularly polarized with a Gaussian profile
) and k p L 0 = 2 (to maximize the wake excitation), in a plasma with n 0 = 2 × 10 17 cm −3 (λ p = 75 µm), then the intensity threshold of the pump pulse for trapping at the optimal injection phase is a 0,th = 0.88 in 1D and a 0,th = 1.14 in 3D. This is the pump laser intensity to drive a wake large enough such that a particle at rest, at the proper wake phase, is trapped. A circularly-polarized pump pulse is advantageous since it generates a larger ponderomotive force for a given peak laser field, compared to linear-polarization (by a factor of 2). In this example, the ionization rate of Kr 8+ → Kr 9+ for the circularly-polarized pump pulse (a 0 = 1 and λ 0 = 5 µm) is more than two orders of magnitude smaller than that for a linearly-polarized pump pulse producing the same wake (requiring a 0 = √ 2). A linearly-polarized injection pulse with a short wavelength can have a large laser electric field E 1 > E 0 , achieving a high ionization rate, and a small laser vector potential a 1 a 0 to reduce the ionization induced emittance. The injection pulse can be delayed to locate it at the optimal wake phase in the second bucket of the wake. An example of this is shown in Fig. 1(b) , where Kr 8+ → Kr 9+ is ionized using an injection pulse with λ 1 = 0.4 µm and a 1 = 0.135. Since the ionization region occupies a small fraction of wake phase, due to the short injection pulse duration, all ionized electrons satisfy the trapping condition and are trapped in the wake.
The normalized transverse momentum of the ionized electron is u ⊥ (ψ) = p ⊥ /m e c a 1,⊥ (ψ) − a 1,⊥ (ψ i ). Al-though most of the electrons are ionized near the peak laser electric field, where the ionization probability is largest, and a 1,⊥ (ψ i ) 0, some of the electrons are ionized off-peak with a finite a 1,⊥ (ψ i ). After ionization, the electron slips through the injection laser pulse and is trapped behind the laser pulse, i.e., a 1,⊥ (ψ) = 0, then the transverse momentum gained by the electron in the injection laser pulse is u ⊥ (ψ) = −a 1,⊥ (ψ i ). This residual transverse momentum, resulting from the electron being ionized off-peak of the laser electric field, contributes to the initial beam emittance. The beam transverse emittance is also determined by the transverse wakefield. Electrons ionized off-axis transversely are accelerated by the transverse wakefield. The condition for a matched beam radius is σ x,m = ( n /
Using two-color laser-ionization injection, the beam radius can be made small enough to satisfy the matching condition σ x ∼ σ x,m due to the narrow transverse ionization region of the tightly-focused ionization pulse.
The two-color laser-ionization injection technique was examined with 2D PIC simulations using the code warp [18] , where the direct-current tunneling ionization model [19, 20] is implemented. For the numerical example considered, the Keldysh parameter is small and tunneling ionization is dominant [19] . Since a 1 1 and λ 2 1 λ 2 0 λ 2 p , the nonlinear feedback of the plasma on the injection pulse is negligible during the simulated interaction time. Therefore, in order to save computational time, the short-wavelength injection pulse was not solved on the computational grid but was added analytically onto the macro-particles (assuming a paraxial evolution of the injection laser pulse in the plasma). The temporal resolution was dt = 0.047τ 1 , where τ 1 is a laser cycle of the injection pulse, which was found to be sufficient to accurately model the ionization process. The simulation box size was 276 µm×215 µm with two macroparticles per cell. The resolution of the computational grid was ∆z = 0.08 µm and ∆x = 0.18 µm. A mixed gas (high-Z and low-Z) was used for the ionization injection region followed by a long region of a low-Z gas for the post-acceleration without additional trapping. This tworegion gas structure allows control of the injection number and energy spread by changing the gas composition, concentration, and length of the mixed gas region [14] . The ionization injection region is also determined by the Rayleigh range of the injection pulse Z R,1 = πw 2 1 /λ 1 , and the Rayleigh range may be used to control (limit) the effective length of the ionization injection region [15] . The electron density (after ionization by the pump laser) is fixed to n 0 = n e + 8n Kr = 2 × 10 17 cm −3 , where n e electron density produced by ionization of the low-Z gas (e.g., H gas), and the pump laser ionizes the Kr gas to Kr 8+ . The total electron density n 0 is fixed so that density ramp effects are negligible. The concentration of the Kr gas in the simulations is set to n Kr = 0.1n 0 . The Kr gas region is trapezoid-shaped starting at z = −100 µm and ending at z = 0, with a plateau of 50 µm. The pump and injection pulses have Gaussian
, with amplitudes a 0 = 1.17 and a 1 = 0.135, wavelengths λ 0 = 5 µm and λ 1 = 0.4 µm, durations (FWHM) T 0 = 92 fs and T 1 = 16 fs, and spot sizes w 0 = 36 µm and w 1 = 5 µm, respectively. The peak of the injection pulse is located at the optimal injection wake phase in the second bucket of the wake, which is delayed by |ξ 0 − ξ 1 | = 106.25 µm from the peak of the pump pulse. Figure 2 shows the PIC simulation results of the twocolor laser-ionization injection for these laser-plasma parameters after the injection pulse propagates to the end of the Kr gas region. The electron beam is in the second wake bucket. The ionized electron number is 1.05 × 10 6 /µm, and all the ionized electrons are on trapped orbits in the wake (in agreement with the analytical prediction). Figure 2(c) shows the transverse phase space of the ionized electrons. Most of the electrons are ionized at the peak of the injection laser electric field, with zero residual transverse momentum. Electrons ionized off-peak of the laser field are trapped and obtain finite transverse momentum. The maximum momentum is p x /m e c 0.17, which is larger than the vector potential amplitude a 1 due to the effects of the transverse force of the wakefield and transverse ponderomotive force of the injection laser pulse. The rms beam radius and transverse momentum are σ x = 0.55 µm 0.1w 0 and σ px /(m e c) = 0.05, respectively. Here σ px is an order of magnitude smaller than that observed in simulations of single-pulse ionization injection [14] . For the beam in Fig. 2(c) the transverse emittance is n = 0.028 mm mrad. Note that the maximum focusing field on the beam is F/e = 2.3 GV/m, which is an order of magnitude smaller than the accelerating field. This smaller focusing force reduces the transverse momentum gained from the wake potential and allows matched propagation. Figure 3(a) shows the maximum beam energy versus the acceleration distance. The energy increases approximately linearly since the propagation distance (z = 1.8 mm) is less than a dephasing length. Note that the wakefield amplitude is locally suppressed by beam loading, as shown in Figure 2 (b). The rms beam length is σ z = 0.9 µm. The pump pulse can be guided in a plasma channel and propagate several Rayleigh lengths (Z R,0 = 0.8 mm) with minimum laser evolution if matched to the channel [21] . The maximum energy of the beam after a dephasing length can be esti-
MeV, where
17 mm is the dephasing length. Note that use of a longer wavelength laser for driving the wake results in a shorter dephasing length. The energy spectra are shown in Fig 3(b) at different acceleration distances z = 0.6 mm, 1.2 mm, and 1.8 mm. The relative energy spread is σ γ / γ = 0.025 at z = 1.8 mm. For these short electron beams with mild beam loading, additional acceleration will increase of the mean beam energy and the relative energy spread will further decrease. For a mismatched beam, the beam energy spread may lead to betatron phase mixing and emittance growth on the scale length ∼ 2πk
The beam transverse emittance evolution is shown in Fig. 3(a) . The emittance can be controlled by changing the injection pulse amplitude a 1 or the spot size w 1 . As shown in Fig. 2(d) , decreasing the injection pulse amplitude a 1 reduces the emittance; however, fewer electrons are ionized and trapped. The charge increases linearly with increasing concentration of the Kr gas (up to the beam loading limit) [14] . Increasing the ionization pulse duration will also increase the fraction of ionization and hence the trapped charge (provided the electrons are ionized at a trapped phase of the wake) without significantly increasing the emittance, for k p L 1 1 (this is in agreement with Ref. [17] ). The length of the Kr gas region may also be increased for generation of additional trapped charge, however, ionization decreases rapidly due to the laser diffraction after a Rayleigh length of the ionization pulse (Z R,1 = 0.2 mm for the example considered). The Rayleigh length of the injection pulse may also be used to control the ionization injection region [15] .
In summary, we have proposed a method for generation of femtosecond, ultra-low emittance (∼10 −8 m rad), electron beams in a laser-plasma accelerator using two laser pulses of different colors. A long-wavelength pump pulse (with large ponderomotive force and small peak laser electric field) excites a large plasma wake without fully ionizing a high-Z gas, and a short-wavelength injection pulse (with small ponderomotive force and large peak laser electric field) co-propagating and delayed with respect to the pump laser, ionizes a fraction of the remaining bound electrons of the high-Z gas at a trapping wake phase, generating an electron beam that is accelerated in the wakefield. This method can produce electron beams with an order of magnitude smaller transverse emittance compared to single pulse ionization injection, e.g., n ∼ 0.03 mm mrad for the example considered above. Other laser wavelengths and gases could be envisioned that may be more optimized. The emittance is determined by amplitude of the ionizing laser n ∝ a 1 . Thus, by controlling the amplitude of the injection pulse, the emittance can be controlled. Although this study considered a quasi-linear wake regime, the two-color ionization injection method can be applied to the nonlinear bubble regime, which may have additional advantages.
This method of injection would benefit from development of optical parametric chirped-pulse amplification laser systems [22] that can deliver high power, short pulse lasers with great wavelength flexibility, and be seeded by a single laser system (e.g., with a Ti:sapphire oscillator providing phase stabilization) for synchronization. A first experimental test could be done with a simple frequency-doubled (e.g., Ti:sapphire, 0.4 µm) injection pulse delayed with respect to a (0.8 µm) pump pulse. In this case one can consider lower injection laser intensity a 1 ∼ a 0 λ 1 /λ 0 , and a corresponding reduction in beam emittance.
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